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Abstract
As a Newtonian cosmological model the Vlasov-Poisson-Boltzmann system is considered,
and a slightly modified Boltzmann equation, which describes the stability of an expanding
universe, is derived. Asymptotic behaviour of solutions turns out to depend on the expansion
of the universe, and in this paper we consider the soft potential case and will obtain asymptotic
behaviour.
1 Introduction
A standard way to describe the dynamics of an ensemble of particles in a cosmological scale is
to use general relativity and kinetic theory. The Einstein-Vlasov or Einstein-Boltzmann systems
are commonly used to study the dynamics of many different kinds of cosmological models, for
instance the FLRW, de Sitter, Bianchi spacetimes, etc. In this paper we are interested in the
dynamics of a cosmological model, but Newtonian gravity theory will be considered instead of
general relativity. The Vlasov-Poisson-Boltzmann(VPB) system will be the most relevant Newto-
nian model to study the time evolution of particles, where the particles interact with each other
through gravity and collisions, and this system may be considered as a non-relativistic version of
the Einstein-Boltzmann system. We refer to [5, 6, 7, 8] for the Einstein-Boltzmann system, and
in the present paper we study the VPB system as a cosmological model.
The VPB system is a system of partial differential equations which can describe the evolution
of matter distribution in a statistical way such that the matter is treated as a collection of particles.
In this system gravity and collisions are taken into account as the interactions between particles,
and in particular Poisson’s equation describes the gravitational attraction between particles. In
a cosmological scale, however, the expansion of the universe must be considered in addition to
the gravity. Einstein’s equations can describe in an integrated way the expansion of the universe
and the gravitational attraction between particles, but Poisson’s equation does not. To describe
the expansion of the universe in the context of Newtonian cosmology, we follow the approach of
[3, 4, 9, 10]. The authors of [10] first considered the Vlasov-Poisson(VP) system as a cosmological
model. An exact solution of the VP system, which is a description of an expanding universe, was
introduced, and then existence, asymptotic behaviour, and stability of solutions were studied for
its perturbations in [3, 9, 10]. This approach was applied to the VPB system in [4], where existence
was proved in the hard sphere case, but asymptotic behaviour was not treated. It was observed
that the effect of collisions by the Boltzmann equation decreases in a cosmological setting, and in
particular it seems to decrease more in the hard sphere case. In this paper, instead, we consider
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the soft potential case and will see that the effect of collisions is recovered to an extent. In the
end, we will obtain asymptotic behaviour, and furthermore will see that the softer the potential
is, the more rapidly solutions decay.
1.1 The VPB system in a cosmological setting
The VPB system is written as follows:
∂tF + v · ∇xF −∇xφ · ∇vF =
∫
R3×S2
|u− v|γB(ω)
(
F (u′)F (v′)− F (u)F (v)
)
dωdu,
∆φ = 4piρ, ρ =
∫
R3
Fdv,
where F = F (t, x, v) is the velocity distribution function and describes the density of particles at
x ∈ R3 with velocity v ∈ R3 at time t ≥ 0. The quantities φ = φ(t, x) and ρ = ρ(t, x) are the
gravitational potential and the mass density, respectively, and the right side of the first equation is
called the collision operator with post-collision velocities v′ and u′ for given pre-collision velocities
v and u, where
v′ = v + ((u − v) · ω)ω, u′ = u+ ((v − u) · ω)ω, ω ∈ S2.
The scattering kernel in the collision operator has an exponent γ, which ranges −3 < γ ≤ 1, and
the Grad angular cutoff assumption, i.e., 0 < B(ω) ≤ C| cos θ| with the scattering angle θ, will be
assumed throughout the paper. We refer to [1] for more details on the Boltzmann equation.
We consider the following solution to the VPB system, which was introduced in [4]:
(µ, ρ0, φ0) :=
(
pi−
3
2 exp
(
− a2(t)|v − a˙(t)a−1(t)x|2
)
, a−3(t), (2pi/3)a−3(t)|x|2
)
, (1)
where the scale factor a(t) satisfies the following ordinary differential equation:
a¨(t) + (4pi/3)a−2(t) = 0, (2)
and the above quantities are now understood as a universe, which is spatially homogeneous and
isotropic. Depending on the asymptotic behaviour of the scale factor, the above quantities may
describe an expanding or a shrinking universes, and this will be discussed later. We now take a
perturbation to (1) as F = µ +
√
µf , ρ = ρ0 + σ, and φ = φ0 + ψ to get a system of equations
for perturbations (f, σ, ψ), and then take the transformation x¯ = a−1x and v¯ = av − a˙x as in [4],
to obtain a system of equations for (f¯ , σ¯, ψ¯) such that f(t, x, v) = f¯(t, x¯, v¯), σ(t, x) = σ¯(t, x¯), and
ψ(t, x) = ψ¯(t, x¯). After dropping the bars we get the following equations:
∂tf + a
−2v · ∇xf −∇xψ · ∇vf + fv · ∇xψ + 2√µv · ∇xψ
= a−3−γ
∫∫
|u− v|γB(ω)e− 12 |u|2
(
e−
1
2
|v′|2f(u′) + e−
1
2
|u′|2f(v′)
)
dωdu
− a−3−γ
∫∫
|u− v|γB(ω)e− 12 |u|2
(
e−
1
2
|v|2f(u) + e−
1
2
|u|2f(v)
)
dωdu
+ a−3−γ
∫∫
|u− v|γB(ω)e− 12 |u|2
(
f(u′)f(v′)− f(u)f(v)
)
dωdu, (3)
∆ψ = 4pia−1σ = 4pia−1
∫
e−
1
2
|v|2fdv, (4)
and the universe model (1) is transformed to µ(v) = pi−3/2 exp(−|v|2), ρ0(t) = a−3(t), and
φ0(t, x) = (2pi/3)a
−1(t)|x|2. Note that the quantity µ(v) is now identical to the usual Maxwellian.
2
1.2 The Boltzmann equation as a cosmological model
As a simplest cosmological model we consider the spatially homogeneous case of the equations
(3)–(4):
∂tf + a
−3−γLf = a−3−γΓ(f, f), (5)
where L = ν −K with K = K2 −K1 such that
K2f =
∫∫
|u− v|γB(ω)e− 12 |u|2
(
e−
1
2
|v′|2f(u′) + e−
1
2
|u′|2f(v′)
)
dωdu,
K1f = e
− 1
2
|v|2
∫∫
|u− v|γB(ω)e− 12 |u|2f(u)dωdu,
ν =
∫∫
|u− v|γB(ω)e−|u|2dωdu = “collision frequency”,
Γ(f, f) =
∫∫
|u− v|γB(ω)e− 12 |u|2
(
f(u′)f(v′)− f(u)f(v)
)
dωdu,
and the equation (4) vanishes.
In this paper we will study the equation (5) with (2). Global existence was considered in [4] in
the hard sphere case, i.e., γ = 1, but their asymptotic behaviour was not obtained. In the present
paper we consider the soft potential case, i.e., −3 < γ < 0, and will obtain asymptotic behaviour
of solutions of (5). Note that the homogeneity assumption is taken on the transformed equations
(3)–(4). Hence, the solutions of (5) will be inhomogeneous in the original coordinates, and the
result will show that the solutions converge to the universe model (1) in an inhomogeneous way.
2 Preliminaries
Let 〈·, ·〉 and ‖ · ‖ be the standard inner product and the corresponding L2-norm, respectively, in
R
3
v, and define 〈g, h〉ν = 〈νg, h〉 with the corresponding norm ‖ · ‖ν . For a multi-index β, we write
∂βf(t, v) = ∂
β
v f(t, v), and throughout the paper N will denote a fixed positive integer such that
N ≥ 4. For a non-negative integer k, we define
|||f(t)|||2k =
∑
|β|≤N
‖w|β|−k∂βf(t)‖2, |||f(t)|||2ν,k =
∑
|β|≤N
‖w|β|−k∂βf(t)‖2ν ,
where w(v) = (1 + |v|)γ is a weight function. Note that w is equivalent to the collision frequency.
For simplicity we will write aγ(t) := a
−3−γ(t), and to prove existence we will need the following
quantities:
Ek(t) =
1
2
|||f(t)|||2k +
∫ t
0
aγ(s)|||f(s)|||2ν,kds, Em(t) =
m∑
k=0
Ek(t).
Since w ≤ 1, we have Ek ≤ Em for k ≤ m, and can see that Em and Em are equivalent. The
following quantity will be used to study asymptotic behaviour:
yr(t) =
∑
0≤k≤r
|||f(t)|||2k =
∑
|β|≤N
0≤k≤r
‖w|β|−k∂βf(t)‖2.
Let a be a solution of the equation (2). Then, the quantity Ea = (1/2)a˙
2−(4pi/3)a−1 is conserved,
which is non-negative for the expanding cases. According to [10], we have two cases: if Ea = 0, or
equivalently a˙(0) = (8pi/3)1/2, then we solve a(t) = (
√
6pit+1)2/3, while if Ea > 0, or equivalently
a˙(0) > (8pi/3)1/2, then we see that 2Ea ≤ a˙(t)2 ≤ 2Ea + 8pi/3, and in this sense we say that
a(t) ∼ t2/3 or a(t) ∼ t. Here, we set a(0) = 1 for simplicity.
The following lemmas are originally introduced in [2], but the statements and conditions of
the lemmas are slightly improved by the arguments of [11] as follows. We refer to [2, 11] for the
proofs of the following lemmas.
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Lemma 1. For any θ ∈ R, |〈w2θKg1, g2〉| ≤ C‖wθg1‖ν‖wθg2‖ν .
Lemma 2. For any θ ∈ R and η > 0, the operator K can be split into K = Kc +Ks, where Kc
is a compact operator in L2ν(R
3) with respect to | · |ν and |〈w2θKsg1, g2〉| ≤ η‖wθg1‖ν‖wθg2‖ν .
Lemma 3. There exists a δ > 0 such that 〈Lg, g〉 ≥ δ‖g‖2ν.
Lemma 4. For any θ ∈ R, β ≥ 0, η > 0, and k ≥ 0, there exist Cη > 0 and Ck > 0 satisfying the
following estimates:
〈w2θ∂β [νg], ∂βg〉 ≥ ‖wθ∂βg‖2ν −
(
η
∑
|β1|≤|β|
‖wθ∂β1g‖2ν + Cη‖wθg‖2ν
)
, (6)
|〈w2θ∂β [Kg1], ∂βg2〉| ≤
(
η
∑
|β1|≤|β|
‖wθ∂β1g1‖ν + Cη‖wθg1‖ν
)
‖wθ∂βg2‖ν , (7)
〈w−2kLg, g〉 ≥ 1
2
‖w−kg‖2ν − Ck‖g‖2ν. (8)
Lemma 5. For any θ ∈ R, β ≥ 0, and k ≥ 0, the following estimates hold:
|〈w2θ∂βΓ+(g1, g2), ∂βg3〉| ≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)( ∑
|β2|≤N
‖wθ∂β2g2‖ν
)
‖wθ∂βg3‖ν (9)
+ C
( ∑
|β1|≤N
‖w|β1|−k∂β1g1‖
)( ∑
|β1|+|β2|≤|β|
‖wθ−|β1|+k∂β2g2‖ν
)
‖wθ∂βg3‖ν ,
|〈w2θ∂βΓ−(g1, g2), ∂βg3〉| ≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)( ∑
|β2|≤N
‖wθ∂β2g2‖ν
)
‖wθ∂βg3‖ν . (10)
Proof. The proof of this lemma is basically the same with the one in [2], where the estimate of Γ
was considered for θ ≥ 0, k = 0, and N ≥ 8. To make it clear that the lemma still holds for any
θ ∈ R with k ≥ 0 and N ≥ 4, we briefly present the proof of this lemma. Here, we only consider
the derivatives with respect to v. Note that the gain and the loss terms are written as follows:
∂βΓ±(g1, g2) =
∑
β0+β1+β2=β
Γ0±(∂β1g1, ∂β2g2),
where
Γ0+(∂β1g1, ∂β2g2) =
∫
|u− v|γB(ω)∂β0
[
e−
1
2
|u|2
]
(∂β1g1)(u
′)(∂β2g2)(v
′)dωdu,
Γ0−(∂β1g1, ∂β2g2) =
∫
|u− v|γB(ω)∂β0
[
e−
1
2
|u|2
]
(∂β1g1)(u)(∂β2g2)(v)dωdu.
Below, we estimate the gain and the loss terms separately. For k ≥ 2, we know that
Hk(R3) ⊂ C(R3) ∩ L∞(R3),
and this will be frequently used in the estimates.
Loss term. We first prove the estimate for the loss term. Since β0 + β1 + β2 = β for |β| ≤ N , we
have either (a) |β1| ≤ N/2 or (b) |β2| ≤ N/2. For (a), we note that
|Γ0−(∂β1g1, ∂β2g2)|
≤ C
∫
|u− v|γe− 14 |u|2 |∂β1g1(u)||∂β2g2(v)|du
≤ C
(
sup
u
e−
1
8
|u|2 |∂β1g1(u)|
)(∫
|u− v|γe− 18 |u|2du
)
|∂β2g2(v)|
4
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
(1 + |v|)γ |∂β2g2(v)|.
Therefore, the loss term in the case of (a) is estimated as follows:
|〈w2θΓ0−(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
∫
w2θ(v)
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
(1 + |v|)γ |∂β2g2(v)||∂βg3(v)|dv
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
×
(∫
w2θ(v)(1 + |v|)γ |∂β2g2(v)|2dv
) 1
2
(∫
w2θ(v)(1 + |v|)γ |∂βg3(v)|2dv
) 1
2
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
‖wθ∂β2g2‖ν‖wθ∂βg3‖ν
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)( ∑
|β2|≤N
‖wθ∂β2g2‖ν
)
‖wθ∂βg3‖ν ,
and summing over all the possible multi-indices β0, β1, and β2, we have the estimate (10). For
(b), we decompose the integration domain R6 for u and v into three cases: (b.1) |u − v| ≤ |v|/2,
(b.2) |u− v| ≥ |v|/2 with |v| ≥ 1, and (b.3) |u− v| ≥ |v|/2 with |v| ≤ 1. For (b.1), we use
|u| ≥ 1
2
|v| and e− 18 |u|2 ≤ e− 132 |v|2 for (b.1).
Then, we have
|〈w2θΓ0−(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
∫
w2θ(v)|u − v|γe− 14 |u|2 |∂β1g1(u)||∂β2g2(v)||∂βg3(v)|dudv
≤ C
(
sup
v
e−
1
64
|v|2 |∂β2g2(v)|
) ∫
w2θ(v)|u− v|γe− 18 |u|2e− 164 |v|2 |∂β1g1(u)||∂βg3(v)|dudv
≤ C
( ∑
|β2|≤N
‖wθ∂β2g2‖ν
)
×
(∫
w2θ(v)|u − v|γe− 18 |u|2e− 132 |v|2 |∂β1g1(u)|2dudv
) 1
2
×
(∫
w2θ(v)|u − v|γe− 18 |u|2 |∂βg3(v)|2dudv
) 1
2
≤ C
( ∑
|β2|≤N
‖wθ∂β2g2‖ν
)
×
(∫
(1 + |u|)γe− 18 |u|2 |∂β1g1(u)|2du
) 1
2
(∫
w2θ(v)(1 + |v|)γ |∂βg3(v)|2dv
) 1
2
≤ C
( ∑
|β2|≤N
‖wθ∂β2g2‖ν
)
‖wθ∂β1g1‖ν‖wθ∂βg3‖ν , (11)
where we used the fact that N ≥ 4 and |β2| ≤ N/2 in the third inequality. For (b.2), we note that
since γ is negative,
|u− v|γ ≤ |v|γ ≤ C(1 + |v|)γ for (b.2).
5
Then, we have
|〈w2θΓ0−(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
∫
w2θ(v)|u − v|γe− 14 |u|2 |∂β1g1(u)||∂β2g2(v)||∂βg3(v)|dudv
≤ C
∫
w2θ(v)(1 + |v|)γe− 14 |u|2 |∂β1g1(u)||∂β2g2(v)||∂βg3(v)|dudv
≤ C
(∫
e−
1
4
|u|2 |∂β1g1(u)|du
)∫
w2θ(v)(1 + |v|)γ |∂β2g2(v)||∂βg3(v)|dv
≤ C
(∫
e−
1
4
|u|2du
) 1
2
(∫
e−
1
4
|u|2 |∂β1g1(u)|2du
) 1
2
×
(∫
w2θ(v)(1 + |v|)γ |∂β2g2(v)|2dv
) 1
2
(∫
w2θ(v)(1 + |v|)γ |∂βg3(v)|2dv
) 1
2
≤ C‖wθ∂β1g1‖ν‖wθ∂β2g2‖ν‖wθ∂βg3‖ν. (12)
For (b.3), we use
|u− v|γ ≤ C|v|γ and C ≤ (1 + |v|)γ ≤ 1 for (b.3),
and ∫
|u− v| γ2 e− 14 |u|2 |∂β1g1(u)|du
≤
(∫
e−
1
4
|u|2 |u− v|γdu
) 1
2
(∫
e−
1
4
|u|2 |∂β1g1(u)|2du
) 1
2
≤ C‖wθ∂β1g1‖ν .
The estimate for (b.3) case is given as follows:
|〈w2θΓ0−(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
∫
w2θ(v)|u − v|γe− 14 |u|2 |∂β1g1(u)||∂β2g2(v)||∂βg3(v)|dudv
≤ C‖wθ∂β1g1‖ν
∫
w2θ(v)|v| γ2 |∂β2g2(v)||∂βg3(v)|dv
≤ C‖wθ∂β1g1‖ν
(∫
w2θ(v)|v|γ |∂β2g2(v)|2dv
) 1
2
(∫
w2θ(v)|∂βg3(v)|2dv
) 1
2
≤ C‖wθ∂β1g1‖ν
(
sup
v
wθ(v)(1 + |v|) γ2 |∂β2g2(v)|
)(∫
|v|γdv
) 1
2
‖wθ∂βg3‖ν
≤ C‖wθ∂β1g1‖ν‖wθ∂β2g2‖ν‖wθ∂βg3‖ν , (13)
where we used the fact that (1 + |v|)γ is bounded from below. We now combine (11)–(13) and
sum over all the possible multi-indices to obtain the estimate (10). This completes the proof of
the case (b) and the proof of the estimate for the loss term as well.
Gain term. For the estimate of the gain term we decompose the integration domain R6 for u
and v into three parts: (c.1) |u| ≥ |v|/2, (c.2) |u| ≤ |v|/2 with |v| ≥ 1, and (c.3) |u| ≤ |v|/2 with
|v| ≤ 1. For (c.1), we use
e−
1
8
|u|2 ≤ e− 132 |v|2 for (c.1).
6
Then, we have the following estimate:
|〈w2θΓ0+(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
∫
w2θ(v)|u − v|γB(ω)e− 14 |u|2 |∂β1g1(u′)||∂β2g2(v′)||∂βg3(v)|dωdudv
≤ C
∫
w2θ(v)|u − v|γe− 18 |u|2e− 132 |v|2 |∂β1g1(u′)||∂β2g2(v′)||∂βg3(v)|dωdudv
≤ C
(∫
w2θ(v)|u − v|γe− 18 |u|2e− 116 |v|2 |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
×
(∫
w2θ(v)|u − v|γe− 18 |u|2 |∂βg3(v)|2dωdudv
) 1
2
≤ C
(∫
|u− v|γe− 132 |u|2e− 132 |v|2 |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
(14)
×
(∫
w2θ(v)(1 + |v|)γ |∂βg3(v)|2dv
) 1
2
, (15)
where the last inequality holds for any θ ∈ R. Note that the quantity (15) is equal to ‖wθ∂βg3‖ν .
For the quantity (14), we use the change of variables dudv = du′dv′ and may assume that |β1| ≤
N/2 without loss of generality. Then, (14) is estimated as follows:
(∫
|u− v|γe− 132 |u|2e− 132 |v|2 |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
≤ C
(∫
|u− v|γe− 132 |u|2e− 132 |v|2 |∂β1g1(u)|2|∂β2g2(v)|2dudv
) 1
2
≤ C
(
sup
u
e−
1
128
|u|2 |∂β1g1(u)|
)(∫
|u− v|γe− 164 |u|2e− 132 |v|2 |∂β2g2(v)|2dudv
) 1
2
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)(∫
(1 + |v|)γe− 132 |v|2 |∂β2g2(v)|2dv
) 1
2
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
‖wθ∂β2g2‖ν ,
and we conclude for the (c.1) case,
|〈w2θΓ0+(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
‖wθ∂β2g2‖ν‖wθ∂βg3‖ν . (16)
For (c.2), we use the following basic inequalities:
|u− v| ≥ 1
2
|v|, |v|γ ≤ C(1 + |v|)γ , |u′|+ |v′| ≤ C(|u|+ |v|) ≤ C|v|,
(1 + |v|)γ ≤ C(1 + |u′|)γ , (1 + |v|)γ ≤ C(1 + |v′|)γ ,
to get the following estimate:
|〈w2θΓ0+(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
∫
w2θ(v)|u − v|γB(ω)e− 14 |u|2 |∂β1g1(u′)||∂β2g2(v′)||∂βg3(v)|dωdudv
7
≤ C
(∫
w2θ(v)|u − v|γ |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
×
(∫
w2θ(v)|u − v|γe− 12 |u|2 |∂βg3(v)|2dωdudv
) 1
2
≤ C
(∫
w2θ(v)(1 + |v|)γ |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
×
(∫
w2θ(v)(1 + |v|)γ |∂βg3(v)|2dv
) 1
2
≤ C
(∫
w2|β1|−2k(u′)w2θ−2|β1|+2k(v′)(1 + |v′|)γ |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
× ‖wθ∂βg3‖ν
≤ C‖w|β1|−k∂β1g1‖‖wθ−|β1|+k∂β2g2‖ν‖wθ∂βg3‖ν . (17)
For (c.3), we use the following inequalities:
|u| ≤ 1
2
, C ≤ (1 + |v|)γ ≤ C(1 + |u|)γ , |u − v| ≥ 1
2
|v|,
|u′|+ |v′| ≤ C(|u|+ |v|) ≤ C|v|, (1 + |v|)γ ≤ C(1 + |u′|)γ , (1 + |v|)γ ≤ C(1 + |v′|)γ ,
to get the following estimate:
|〈w2θΓ0+(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
∫
w2θ(v)|u− v|γB(ω)e− 14 |u|2 |∂β1g1(u′)||∂β2g2(v′)||∂βg3(v)|dωdudv
≤ C
∫
|u− v|γ |∂β1g1(u′)||∂β2g2(v′)||∂βg3(v)|dωdudv
≤ C
(∫
|v|γ |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
(∫
|u− v|γ |∂βg3(v)|2dωdudv
) 1
2
.
Since we have |v|γ ≤ C|u′|γ and |v|γ ≤ C|v′|γ , we may assume that |β1| ≤ N/2 without loss of
generality. Then, the first integral on the right hand side is estimated as follows:
(∫
|v|γ |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
≤ C
(∫
|u′|γ |∂β1g1(u′)|2|∂β2g2(v′)|2dωdudv
) 1
2
≤ C
(∫
|u|γ |∂β1g1(u)|2|∂β2g2(v)|2dudv
) 1
2
≤ C
(
sup
u
wθ(u)(1 + |u|) γ2 |∂β1g1(u)|
)(∫
|u|γ |∂β2g2(v)|2dudv
) 1
2
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)(∫
|∂β2g2(v)|2dv
) 1
2
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
‖wθ∂β2g2‖ν , (18)
and the second integral is estimated as
(∫
|u− v|γ |∂βg3(v)|2dωdudv
) 1
2
≤ C
(∫
|∂βg3(v)|2dv
) 1
2
≤ C‖wθ∂βg3‖ν . (19)
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We combine (18) and (19) to conclude for the (c.3) case
|〈w2θΓ0+(∂β1g1, ∂β2g2), ∂βg3〉|
≤ C
( ∑
|β1|≤N
‖wθ∂β1g1‖ν
)
‖wθ∂β2g2‖ν‖wθ∂βg3‖ν . (20)
We finally combine (16), (17), and (20) and sum over all the possible multi-indices β0, β1, and β2
to obtain the estimate (9). This completes the proof of the estimate for the gain term.
3 Main results
We apply the well-known methods of [2, 11] to prove global existence and to obtain asymptotic
behaviour. The results will show that the universe model (1) is asymptotically stable.
3.1 Global-in-time existence
Local-in-time existence is easily proved by the energy method of [2]: We consider a standard
iteration {fn} and apply Lemmas 1, 2, 4, and 5 appropriately, then obtain a differential inequality
for ‖w|β|−k∂βfn‖, where the smallness of η may be ignored. For each k ≥ 0, summing over all
|β| ≤ N , we obtain an estimate of d(|||fn|||2k/2)/dt + aγ |||fn|||2ν,k, and then show that the iteration
{Enk } is uniformly bounded on a (short) time interval, where Enk is defined by Ek with fn in place
of f . As in [2], the local-in-time existence is proved, and uniqueness, continuity of Ek, and the
non-negativity of F are also similarly proved. We obtain the following result.
Lemma 6. Let k ≥ 0 be an integer, f0 be an initial data of the equation (5) satisfying F0 =
µ +
√
µf0 ≥ 0, and a be a solution of the equation (2) satisfying Ea ≥ 0. Then, there exist a
constant M > 0 such that if Ek(0) < M/2, then the equation (5) admits a unique solution f
on a time interval [0, T ], corresponding to the initial data f0, such that F = µ +
√
µf ≥ 0 and
sup[0,T ]Ek(t) ≤M , where Ek is continuous on [0, T ].
The local-in-time solution of Lemma 6 is now extended to a global-in-time solution. Let f be
a local solution, and consider the equation (5). Taking ∂β and multiplying w
2|β|−2k∂βf to the
equation, we have
w2|β|−2k∂βf∂t∂βf + aγw
2|β|−2k∂β
[
ν(v)f
]
∂βf − aγw2|β|−2k∂β
[
Kf
]
∂βf
= aγw
2|β|−2k∂βΓ(f, f)∂βf, (21)
and then integrate the resulting equation over R3v. We first apply Lemma 5 to the right hand side
and can see that it is estimated as aγ |〈w2|β|−2k∂βΓ(f, f), ∂βf〉| ≤ CaγE1/2k |||f |||2ν,k, which holds for
any β ≥ 0 and k ≥ 0. To estimate the other quantities, we separate the cases as k = 0 and k > 0.
Case 1. (k = 0). Apply Lemma 3 for β = 0, and use (6) and (7) for 0 < |β| ≤ N . Summing over
all the possible 0 ≤ |β| ≤ N and using the smallness of η > 0, we obtain
1
2
d
dt
∑
|β|≤N
‖w|β|∂βf‖2 + δaγ
∑
|β|≤N
‖w|β|∂βf‖2ν ≤ CaγE
1
2
k |||f |||2ν,k, (22)
where the constant δ > 0 is the one given in Lemma 3.
Case 2. (k > 0). We first consider the case β = 0. Applying (8) to (21) and summing over all
0 < k ≤ m, we obtain
1
2
d
dt
∑
0<k≤m
‖w−kf‖2 + aγ
2
∑
0<k≤m
‖w−kf‖2ν ≤ Cmaγ‖f‖2ν + CaγE
1
2
m|||f |||2ν,m, (23)
9
where we used the fact that ||| · |||k ≤ ||| · |||m and ||| · |||ν,k ≤ ||| · |||ν,m for k ≤ m. For the case β 6= 0,
we apply (6) and (7), and sum over all the possible 0 < |β| ≤ N and 0 < k ≤ m, to get
1
2
d
dt
∑
0<|β|≤N
0<k≤m
‖w|β|−k∂βf‖2 + aγ
∑
0<|β|≤N
0<k≤m
‖w|β|−k∂βf‖2ν
≤ aγη
∑
0<|β|≤N
0<k≤m
‖w|β|−k∂βf‖2ν + Cηaγ
∑
0<k≤m
‖w−kf‖2ν + CaγE
1
2
m|||f |||2ν,m,
which shows that for a small η > 0,
1
2
d
dt
∑
0<|β|≤N
0<k≤m
‖w|β|−k∂βf‖2 + aγ
2
∑
0<|β|≤N
0<k≤m
‖w|β|−k∂βf‖2ν
≤ Cηaγ
∑
0<k≤m
‖w−kf‖2ν + CaγE
1
2
m|||f |||2ν,m. (24)
Multiply the equation (23) by a suitable constant and add it to the equation (24), then the first
quantity on the right side of (24) is controlled, and we obtain
1
2
d
dt
∑
|β|≤N
0<k≤m
‖w|β|−k∂βf‖2 + aγ
2
∑
|β|≤N
0<k≤m
‖w|β|−k∂βf‖2ν ≤ Caγ‖f‖2ν + CaγE
1
2
m|||f |||2ν,m, (25)
where the constants C may now depend on η and m.
Case 3. (k ≥ 0). Multiply the equation (22) by a suitable constant and add it to the equation
(25), then the first quantity on the right side of (25), and we obtain
1
2
d
dt
∑
|β|≤N
0≤k≤m
‖w|β|−k∂βf‖2 + δaγ
∑
|β|≤N
0≤k≤m
‖w|β|−k∂βf‖2ν ≤ CaγE
1
2
m|||f |||2ν,m.
Multiplying δ−1 to the both sides, with the definition of Em, we get
E ′m ≤ CaγE
1
2
m|||f |||2ν,m, (26)
and integrating it we obtain Em(t) ≤ Em(0)+C sup[0,t]Em(s)
3
2 . Since Em ∼ Em, we can apply the
well-known argument to prove global-in-time existence for small Em(0). We obtain the following
result.
Proposition 1. Let m ≥ 0 be an integer, f0 be an initial data of the equation (5) satisfying
F0 = µ+
√
µf0 ≥ 0, and a be a solution of the equation (2) satisfying Ea ≥ 0. Then, there exist a
constant ε > 0 such that if Em(0) < ε, then the equation (5) admits a unique global-in-time solution
f , corresponding to the initial data f0, such that F = µ+
√
µf ≥ 0 and sup[0,∞) Em(t) ≤ CEm(0).
3.2 Asymptotic behaviour
Let f be a solution of Proposition 1 satisfying Em(t) ≤ CEm(0), and we apply the interpolation
introduced in [11]. In the estimates (23) and (24), we added all 0 < k ≤ m, but if we only consider
the summation over 0 < k ≤ r for an integer 0 < r < m, then the estimate (26) can be rewritten
as y′r/2 + aγ |||f |||2ν,r ≤ CaγE1/2m |||f |||2ν,r, and since Em is small, we may write y′r + aγ |||f |||2ν,r ≤ 0.
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Note that |||f |||ν,r is not equivalent to |||f |||r , but only to |||f |||(2r−1)/2. For an integer k satisfying
r + k ≤ m, we use the interpolation as follows:
yr(t) ≤ C|||f(t)|||2r ≤ C|||f(t)|||2k/(k+1)r−1 |||f(t)|||2/(k+1)r+k
≤ C|||f(t)|||2k/(k+1)r−1 E1/(k+1)m (0) ≤ C|||f(t)|||2k/(k+1)ν,r E1/(k+1)m (0).
Applying this to the above differential inequality, we have y′r + CE−1/km (0)aγy(k+1)/kr ≤ 0, which
can be written as d(y
−1/k
r )/dt ≥ CaγE−1/km (0), and then integrate it to obtain
yr(t) ≤
(
y
− 1
k
r (0) + CE−
1
k
m (0)
∫ t
0
aγ(s)ds
)−k
≤ Cyr(0)
(
1 +
∫ t
0
aγ(s)ds
)−k
. (27)
Recall that aγ(t) = a
−3−γ(t), where a(t) ≤ C(1+ t)2/3 for Ea = 0 and a(t) ≤ C(1+ t) for Ea > 0.
Note that −3− γ is negative, and we have the following cases:
(i) If Ea = 0 and γ = −3/2, then aγ(t) ≥ C(1 + t)−1 and
∫ t
0
aγ(s)ds ≥ C
∫ t
0
(1 + s)−1ds ≥ C ln(1 + t),
hence we obtain from (27) that yr(t) ≤ Cyr(0)(1 + ln(1 + t))−k.
(ii) If Ea = 0 and −3 < γ < −3/2, then aγ(t) ≥ C(1 + t)−2−2γ/3 and
∫ t
0
aγ(s)ds ≥ C
∫ t
0
(1 + s)−2−
2
3
γds ≥ C
(
(1 + t)−1−
2
3
γ − 1
)
,
therefore we have yr(t) ≤ Cyr(0)(1 + t)k+2γk/3. Note that k + 2γk/3 is negative for k ≥ 1,
hence yr decays.
(iii) If Ea > 0 and γ = −2, then we have as in (i) that yr(t) ≤ Cyr(0)(1 + ln(1 + t))−k.
(iv) If Ea > 0 and −3 < γ < −2, then we have yr(t) ≤ Cyr(0)(1 + t)2k+γk in a similar way.
We combine these results and obtain the following theorem.
Theorem 1. Let m ≥ 2 be an integer, f0 be an initial data of the equation (5) satisfying F0 =
µ +
√
µf0 ≥ 0, and a be a solution of the equation (2) satisfying Ea ≥ 0. Suppose that f is a
solution constructed in Proposition 1 such that Em(t) ≤ CEm(0). If r and k are integers satisfying
0 < r < r + k ≤ m, then |||f(t)|||r decays as follows:
|||f(t)|||r ≤ CEm(0)(1 + ln(1 + t))−k, if Ea = 0 and γ = − 32 ,
|||f(t)|||r ≤ CEm(0)(1 + t)k+ 23γk, if Ea = 0 and −3 < γ < − 32 ,
|||f(t)|||r ≤ CEm(0)(1 + ln(1 + t))−k, if Ea > 0 and γ = −2,
|||f(t)|||r ≤ CEm(0)(1 + t)2k+γk, if Ea > 0 and −3 < γ = −2,
where the constant C depends on Ea, γ, and k.
3.3 Remarks
In this paper we considered a universe model (1)–(2), which satisfies the VPB system in the soft
potential case. To study its asymptotic stability, we considered a perturbation and assumed the
spatial homogeneity to the transformed equations (3)–(4). By the energy method of [2] and the
interpolation of [11] we obtained the global-in-time existence and the asymptotic behaviour of
solutions of the equation (5). It was observed in [4] that the expansion of the universe reduces the
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effect of collisions such that solutions do not seem to converge to the universe model (1)–(2), but
in this paper we showed that it is recovered, in a certain range of soft potentials, such that the
solutions asymptotically tend to the universe model. In the present paper we only considered the
spatially homogeneous case, but it will be more challenging to study the inhomogeneous case. We
hope that the result of this paper can provide an intuition on the research of the general relativistic
Boltzmann equation.
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